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Abstract Let Fn+lq denote the (n + l)-dimensional singular linear space over a finite field
Fq. For a fixed integer m ≤ min{n, l}, denote by Lmo (F
n+l
q ) the set of all subspaces of type
(t, t1), where t1 ≤ t ≤ m. Partially ordered by ordinary inclusion, one family of quasi regular
semilattices is obtained. Moreover, we obtain a association schemes and discuss the bound of
a M -clique.
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1 Introduction
It is well known that lattice is an important part of poset’s theory. its theory play an important
role in many branches of mathematics, such as computer logical design. The results on the
lattices generated by transitive sets of subspaces under finite classical groups may be found
in Huo, Liu and Wan [7, 8, 9]. In [3], Guo discussed the lattices associated with finite vector
spaces and finite affine spaces. In [11], P. Delsarte discussed the regular semilattices in finite
vector spaces. In this paper, we obtain a new quasi regular semilattice and a new association
scheme in the singular linear space. More over we discuss the bounds of a M -clique.
The rest of this paper is organized as followed. In section 2, we discuss some definitions
and terminologies about lattices, regular semilattices, association schemes and M -cliques. In
section 3, we construct a family of quasi regular semilattice, and then compute its parameters.
In section 4, we obtain a new association. In section 5, we discuss the bound of a M -clique.
2 Preliminaries
Let (P,≤) be a poset. We write a < b whenever a ≤ b and a 6= b. If P has the minimum
(respectively maximum) element, then we denote it by 0 (respectively ↿), and say that P is a
poset with 0 (respectively ↿). A poset P is said to be a semilattice if a∧ b := inf{a, b} exist for
any two elements a, b ∈ P . Let P be a finite poset with 0. If there is a function r from P to set
of all the nonnegative integers such that
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(1) r(0)=0,
(2) r(b) = r(a) + 1, if a⋖ b.
Then r is said to be the rank function on P . Note that the rank function on P is unique if it
exists.
Let P be a semilattice, and let P = X0 ∪X1 ∪ · · · ∪Xm, where Xi = {x ∈ P |r(x) = i}, i =
0, 1, · · · ,m. The semilattice (P,≤) is called regular if the following three properties hold:
(i) Given y ∈ Xm, z ∈ Xr with z ≤ y, the number of points u ∈ Xs such that z ≤ u ≤ y is a
constant µ(r, s).
(ii) Given u ∈ Xs , the number of points z ∈ Xr, such that z ≤ u is a constant ν(r, s).
(iii) Given a ∈ Xr, , y ∈ Xm, with a∧ y ∈ Xj, the number of pairs (b, z) ∈ Xs×Xm such that
b ≤ z, b ≤ y, a ≤ z is a constant pi(j, r, s).
In this paper, we define the concept of quasi regular semilattice as follows.
The semilattice (P,≤) is called quasi regular if the following three properties hold:
(i) Given y ∈ Xm
′
m , z ∈ X
r′
r with z ≤ y, the number of points u ∈ X
s′
s such that z ≤ u ≤ y
is a constant µ(r(r′), s(s′);m′).
(ii) Given u ∈ Xs
′
s , the number of points z ∈ X
r′
r , such that z ≤ u is a constant ν(r(r
′), s(s′)).
(iii) Given a ∈ Xr
′
r , y ∈ X
m1
m , with a ∧ y ∈ X
j′
j , the number of pairs (b, z) ∈ X
s′
s ×X
m′
m such
that b ≤ z, b ≤ y, a ≤ z is a constant pi(j(j′), r(r′), s(s′);m′).
Here Xi = X
0
i ∪X
1
i ∪ · · · ∪X
i
i , and X
j
i ∩X
k
i = ∅ for j 6= k.
Let X be a finite set of vertices. A d-class association scheme on X consists of a set of d+1
symmetric relations R0, R1, · · · , Rd on V , with identity relation R0 = {(x, x)|x ∈ V }, such that
any two vertices are in precisely one relation. Denoted by (X, {Ri}0≤i≤d). Furthermore, there
are intersection numbers pkij such that for any (x, y) ∈ Rk, the number of vertices z such that
(x, z) ∈ Ri and (z, y) ∈ Rj equals pkij .
The nontrivial relations can be considered as graphs, which in our case are undirected.
One immediately sees that the respective graphs are regular with degree vi = p
0
ii. For the
corresponding adjacency matrices Ai the axioms of the scheme are equivalent to
d∑
i=0
Ai = J, A0 = I, Ai = A
T
i , AiAj =
d∑
k=0
pkijAk.
It follows that the adjacency matrices generate a (d+1)-dimensional commutative algebra A of
symmetric matrices. This algebra was first studied by Bose and Mesner [18] and is called the
Bose-Mesner algebra of the scheme.
A nonzero vector α ∈ R|X| is said to be θ-positive , if Ci(α) = v
−1
i < α,Aiα >≥ 0 holds for
every i. Let M be a subset of [0, n], containing 0, Any positive vector α is called an M -clique
if it satisfies
Cj(α) = v
−1
j < α,Ajα >= 0, for all j 6∈M
Let x0 be a point of X and s be an integer in [0, n], A given θ-positive vector α ∈ R|X| is
called a unicoloured vector of center x0 and colour s, if the following condition holds:
α(x) = 0, unless (x, x0) ∈ Rs
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Let Fq be a finite field with q elements, where q is a prime power. For two non-negative
integers n and l, Fn+lq denotes the (n+ l)-dimensional row vector space over Fq. The set of all
(n+ l)× (n+ l) nonsingular matrices over Fq of the form(
T11 T12
0 T22
)
,
where T11 and T22 are nonsingular n× n and l × l matrices, respectively, forms a group under
matrix multiplication, called the singular general linear group of degree n + l over Fq and
denoted by GLn+l,n(Fq).
Let P be an m-dimensional subspace of Fn+lq , denote also by P a m × (n + l) matrix of
rank m whose rows span the subspace P and call the matrix P a matrix representation of the
subspace P . There is an action of GLn+l,n(Fq) on F
n+l
q defined as follows
Fn+lq ×GLn+l,n(Fq) −→ F
n+l
q ,
((x1, · · · , xn, xn+1, · · · , xn+l), T ) 7−→ (x1, · · · , xn, xn+1, · · · , xn+l)T.
The above action induces an action on the set of subspaces of Fn+lq ; i.e., a subspace P is carried
by T ∈ GLn+l,n(Fq) to the subspace PT . The vector space F
n+l
q together with the above group
action is called the (n+ l)-dimensional singular linear space over Fq.
For 1 ≤ i ≤ n + l, let ei be the row vector in Fn+lq whose i-th coordinate is 1 and
all other coordinates are 0. Denote by E the l-dimensional subspace of Fn+lq generated by
en+1, en+2, · · · , en+l. A m-dimensional subspace P of Fn+lq is called a subspace of type (m, k)
if dim(P ∩ E) = k.
For a fixed subspace P of type (m1, k1) in F
n+l
q , let M
′(m1, k1;m, k;n + l, n) denote the
set of all the subspaces of type (m, k) containing P . M′(m1, k1;m, k;n+ l, n) is non-empty if
and only if 0 ≤ k1 ≤ k ≤ l and 0 ≤ m1 − k1 ≤ m − k ≤ n. Let N ′(m1, k1;m, k;n + l, n) =
|M′(m1, k1;m, k;n+ l, n)|. The formula is given by Kaishun Wang, Jun Guo, Fenggao Li (see
[6]) as follows.
N ′(m1, k1;m, k;n+ l, n) = q
(l−k)(m−k−m1+k1)
[
n− (m1 − k1)
(m− k)− (m1 − k1)
]
q
[
l− k1
k − k1
]
q
.
Lemma 2.1 Let 0 ≤ k1 ≤ k2 ≤ k ≤ l, 0 ≤ m1 − k1 ≤ m2 − k2 ≤ m − k ≤ n. For i = 1, 2, 3,
assume that Ui be a set of all the subspaces of type (mi, ki) in F
n+l
q , and U be a set of all the
subspaces of type (m, k) in Fn+lq such that U1 ⊆ U2 ⊆ U and U3 ⊆ U . if U3 ∩U2 = U1, then the
number of U3 is
q(δ3−δ1)(δ2−δ1+k−k3)+(k3−k1)(k2−k1)
[
δ − δ2
δ3 − δ1
]
q
[
k − k2
k3 − k1
]
q
,
where δ = m− k, δi = mi − ki, i = 1, 2, 3.
Proof. Let δ1 = m1 − k1, δ2 = m2 − k2, δ3 = m3 − k3, δ = m − k. By the transitivity of
GLn+l,n(Fq) on the set of subspaces of the same type, we may assume that
δ1 n− δ1 k1 l − k1
U1 =
(
I 0 0 0
0 0 I 0
)
δ1
k1
3
δ1 δ2 − δ1 n− δ2 k1 k2 − k1 l− k2
U2 =

I 0 0 0 0 0
0 0 0 I 0 0
0 I 0 0 0 0
0 0 0 0 I 0

δ1
k1
δ2 − δ1
k2 − k1
and
δ1 δ2 − δ1 δ − δ2 n− δ k1 k2 − k1 k − k2 l − k
U =

I 0 0 0 0 0 0 0
0 0 0 0 I 0 0 0
0 I 0 0 0 0 0 0
0 0 0 0 0 I 0 0
0 0 I 0 0 0 0 0
0 0 0 0 0 0 I 0

δ1
k1
δ2 − δ1
k2 − k1
δ − δ2
k − k2
Since U3 ∩ U2 = U1, we have
δ1 δ2 − δ1 δ − δ2 n− δ k1 k2 − k1 k − k2 l− k
U3 =

I 0 0 0 0 0 0 0
0 0 0 0 I 0 0 0
0 u32 u33 0 0 u36 u37 0
0 0 0 0 0 u46 u47 0

δ1
k1
δ3 − δ1
k3 − k1
where rank u47 = k3 − k1. Note that there are
[
k−k2
k3−k1
]
q
choices for u47. By the transitivity of
GLn+l,n(Fq) on the set of subspaces of the same type, the number of U3’s does not depend on
the particular choice of u47. Pick u47 = (I
(k3−k1), 0). Then U3 has a matrix representation
δ1 δ2 − δ1 δ − δ2 n− δ k1 k2 − k1 k3 − k1 k − k2 − k3 + k1 l − k
I 0 0 0 0 0 0 0 0
0 0 0 0 I 0 0 0 0
0 u32 u33 0 0 u36 0 u
′
37 0
0 0 0 0 0 u46 I 0 0

δ1
k1
δ3 − δ1
k3 − k1
where rank u33 = δ3 − δ1. Therefore the number of U3 is equal to
q(δ3−δ1)(δ2−δ1+k−k3)+(k3−k1)(k2−k1)
[
δ − δ2
δ3 − δ1
]
q
[
k − k2
k3 − k1
]
q
.
✷
3 The quasi regular semilattice
For a fixed integer m ≤ min{n, l}, denote by Lm(Fn+lq ) the set of all subspaces of type (t, t1),
where t1 ≤ t ≤ m. If we partially order Lm(Fn+lq ) by the ordinary inclusion, then L
m(Fn+lq ) is
a semilattice, denoted by Lmo (F
n+l
q ). For any A ∈ L
m
o (F
n+l
q ), The rank function of Lo(F
n+l
q ) is
defined as follows
r(A) = dim(A).
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Let
Xi = {B ∈ L
m
o (F
n+l
q )|r(B) = i},
and
X
j
i = {B ∈ Xi| dim(B ∩ E) = j}, j = 0, 1, · · · , i,
where E = 〈en+1, en+2, · · · , en+l〉 ∈ Fn+lq . We will prove that L
m
o (F
n+l
q ) is a quasi regular
semilattice and compute its parameters.
Lemma 3.1 Let A ∈ Xr1r , C ∈ X
m1
m and A ≤ C. Then the number of B ∈ X
s1
s such that
A ≤ B ≤ C is equal to
µ(r(r1), s(s1);m1) = q
(s−s1−r+r1)(m1−s1)
[
m− r + r1 −m1
s− s1 − r + r1
]
q
[
m1 − r1
s1 − r1
]
q
Proof. By the transitivity of GLn+l(Fq) on the set of subspaces of the same type, we may
assume that
r − r1 n− r + r1 r1 l − r1
A =
(
I 0 0 0
0 0 I 0
)
r − r1
r1
and
r − r1 m−m1 − r + r1 n−m+m1 r1 m1 − r1 l −m1
C =

I 0 0 0 0 0
0 0 0 I 0 0
0 I 0 0 0 0
0 0 0 0 I 0

r − r1
r1
m−m1 − r + r1
m1 − r1
.
Since
A ≤ B ≤ C,
we have
r − r1 m−m1 − r + r1 n−m+m1 r1 m1 − r1 l −m1
B =

I 0 0 0 0 0
0 0 0 I 0 0
0 u32 0 0 u35 0
0 0 0 0 u45 0

r − r1
r1
s− s1 − r + r1
s1 − r1
,
where rank u45 = (s1 − r1). Note that there are
[
m1−r1
s1−r1
]
q
choices for u45. By the transitivity
of GLn+l(Fq) on the set of subspaces of the same type, the number of B’s does not depend on
the particular choice of u45. Pick u45 = (I
(s1−r1), 0). Then B has a matrix representation
δ2 δ1 − δ2 n− δ1 r1 s1 − r1 m1 − s1 l −m1
I 0 0 0 0 0 0
0 0 0 I 0 0 0
0 u32 0 0 0 u
′
35 0
0 0 0 0 I 0 0

δ2
r1
δ3 − δ2
s1 − r1
.
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where δ1 = m−m1, δ2 = r − r1, δ3 = s− s1. Therefore the number of B is equal to
q(s−s1−r+r1)(m1−s1)
[
m− r + r1 −m1
s− s1 − r + r1
]
q
[
m1 − r1
s1 − r1
]
q
.
✷
Lemma 3.2 If B ∈ Xs1s , then the number of A ∈ X
r1
r such that A ≤ B is equal to
ν(r(r1), s(s1)) = q
(r−r1)(s1−r1)
[
s− s1
r − r1
]
q
[
s1
r1
]
q
.
Proof. By the transitivity of Gn+l,l(Fq) on the set of subspaces of the same type, we may
assume that
s− s1 n− s+ s1 s1 l − s1
B =
(
I 0 0 0
0 0 I 0
)
s− s1
s1
.
Since
A ≤ B,
we have
s− s1 n− s+ s1 s1 l − s1
A =
(
u11 0 u13 0
0 0 u23 0
)
r − r1
r1
,
where rank u23 = r1. Note that there are
[
s1
r1
]
q
choices for u23. By the transitivity of GLn+l(Fq)
on the set of subspaces of the same type, the number of A’s does not depend on the particular
choice of u23. Pick u23 = (I
(r1) 0). Then A has a matrix representation
s− s1 n− s+ s1 r1 s1 − r1 l− s1(
u11 0 0 u
′
13 0
0 0 I 0 0
)
r − r1
r1
.
Therefore the number of subspace A is equal to
ν(r(r1), s(s1)) = q
(r−r1)(s1−r1)
[
s− s1
r − r1
]
q
[
s1
r1
]
q
.
✷
Lemma 3.3 Let A ∈ Xr1r and B ∈ X
m2
m . Assume that A∧B ∈ X
j1
j , and (C,D) ∈ X
s1
s ×X
m1
m
. If C ≤ D,C ≤ B,A ≤ D, then the number of (C,D) is equal to
pi(j(j1), r(r1), s(s1);m1)
=
∑
0≤i≤j,0≤i1≤min{i,j1}
q(s−s1−i+i1)(j−j1−i+i1+m1−s1)+(s1−i1)(j1−i1)
×
[
(m−m1)−(j−j1)
(s−s1)−(i−i1)
]
q
[
m1−j1
s1−i1
]
q
N ′(r + s− i, r1 + s1 − i1;m,m1;n+ l, n).
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Proof. Since A ≤ D,C ≤ B, we have
A ∧ C ≤ A ∧B ≤ D.
Since
C ≤ D,
and
C ∧ (A ∧B) = A ∧ (B ∧ C) = A ∧C ∈ X i1i , 0 ≤ i ≤ j, 0 ≤ i1 ≤ min{i, j1}.
For i ∈ [0, j] and i1 ∈ [0,min{i, j1}], by Lemma 2.1, the number of C is equal to
q(s−s1−i+i1)(j−j1−i+i1+m1−s1)+(s1−i1)(j1−i1)
[
(m−m1)− (j − j1)
(s− s1)− (i − i1)
]
q
[
m1 − j1
s1 − i1
]
q
.
Since C ≤ D,A ≤ D, C + A ≤ D. It follows from A ∧ C ∈ X i1i that A + C is a subspace
of type (r + s− i, r1 + s1 − i1). Therefore, the number of D is equal to N ′(r + s− i, r1 + s1 −
i1;m,m1;n+ l, n). Hence the desired result follows. ✷
By Lemma 3.1,Lemma 3.2 and Lemma 3.3, we obtain the following theorem.
Theorem 3.4 Semilattice Lm0 (F
n+l
q ) is a quasi regular semilattice. Its parameters are given
by the formulas
µ(r(r1), s(s1);m1) = q
(s−s1−r+r1)(m1−s1)
[
m− r + r1 −m1
s− s1 − r + r1
]
q
[
m1 − r1
s1 − r1
]
q
,
ν(r(r1), s(s1)) = q
(r−r1)(s1−r1)
[
s− s1
r − r1
]
q
[
s1
r1
]
q
,
and
pi(j(j1), r(r1), s(s1);m1)
=
∑
0≤i≤j,0≤i1≤i
q(s−s1−i+i1)(j−j1−i+i1+m1−s1)+(s1−i1)(j1−i1)
×
[
(m−m1)−(j−j1)
(s−s1)−(i−i1)
]
q
[
m1−j1
s1−i1
]
q
N ′(r + s− i, r1 + s1 − i1;m,m1;n+ l, n).
4 Association schemes
Given d and d0 with 0 ≤ d0 ≤ d ≤ min{n, l}. For h = min{k, d0}, we define
X˜k =
{
X0k ∪ · · · ∪X
h
k , if 0 ≤ k ≤ d− 1,
Xd0d , if k = d,
and
Rk = {(B,C) ∈ X
d0
d ×X
d0
d |B ∧ C ∈ X˜d−k}.
Then the R = {R0, R1, · · · , Rd} is a partition of X
d0
d ×X
d0
d . For any B,C ∈ X
d0
d , let
Ak(k′)(B,C) =
{
1, if B ∧ C ∈ Xk
′
d−k,
0, otherwise.
Then, for h = min{d− k, d0}, we define
Ak =
{
Ak(0) +Ak(1) + · · ·+Ak(h), if 1 ≤ k ≤ d,
A0(d0), if k = 0.
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Let
Di,k(B,C) =
{
1, if B ≤ C,
0, otherwise.
The Di,k is a Riemann matrix indexed by X˜i × X˜k. For convenience, we write Di = Di,d.
Let A = 〈A0, A2, · · · , Ad〉 denote the (d + 1)-dimensional real vector space generated by the
A0, A2, · · · , Ad. Let Ci = DTi Di, for i = 0, 1, · · · , d. We have the lemma as follows.
Lemma 4.1 The matrices C0, C1, · · · , Cd generate A, with
Ct =
min{t,d0}∑
h=0
ν(t(h), d(d0))A0 +
d∑
k=1
min{d−k,d0}∑
λ=0
min{t,d0}∑
h=0
ν(t(h), (d− k)(λ))Ak , (1)
where t = 0, 1, · · · , d.
Proof. For any (A,B) ∈ Xd0d × X
d0
d , the number of F ∈ X˜t such that F ≤ A ∧ B is the
(A,B)-entry in two members of (1). It implies that the system (1) holds. On the other hand,
its matrix has rank d+ 1. Hence, the result is obtained. ✷
Lemma 4.2 Let A ∈ Xd1d , B ∈ X
s1
s , then the number of D ∈ X
r1
r such that D ≤ A and
B ∧D ∈ Xj1j is a constant ψ(j(j1), r(r1), s(s1); d1).
Proof. For a given k and k1, with 0 ≤ k ≤ h = min{r, s} and 0 ≤ k1 ≤ k. We assume that
(C,D) ∈ (Xk1k , X
r1
r ) and C ≤ B,C ≤ D ≤ A. Counting the number of the pairs (C,D) in two
different ways, we obtain
h∑
j=0
j∑
j1=0
ν(k(k1), j(j1))ψ(j(j1), r(r1), s(s1); d1) = ν(k(k1), s(s1))µ(k(k1), r(r1); d1). (2)
This yields a system (2) of linear equations in unknown ψ(j(j1), r(r1), s(s1); d1) with fixed
r(r1), s(s1). Since the matrix [ν(k(k1), j(j1))] of the system (2) is a nonsingular, these equations
uniquely determine the ψ(j(j1), r(r1), s(s1); d1). ✷
Theorem 4.3 The system (Xd0d , R) is an association scheme.
Proof. We establish the matrix relation as follows
CrCs =
d∑
k=0
h1∑
λ=0

r∑
j=0
h2∑
j′=0
[
h3∑
r′=0
(
ψ(j(j′), r(r′), (d− k)(λ); d0)
h4∑
s′=0
pi(j(j′), r(r′), s(s′); d0)
)]Ak.
(3)
Here h1 = min{d− k, d0}, h2 = min{j, d0}, h3 = min{r, d0}, h4 = min{s, d0}.
In fact, By the definition, for any D,F ∈ Xd0d , the (D,F )-entry of CrCs is the number
of triples (A,B,C) ∈ X˜r × X˜s × X˜d such that A ≤ D ∧ C and B ≤ F ∧ C hold. Let D ∧
F ∈ Xλd−k. We assume that A ∧ F ∈ X
j′
j with fixed j and j
′, by Lemma 4.2, there are∑min{r,d0}
r′=0 ψ(j(j
′), r(r′), (d − k)(λ); d0) choices for A ≤ D. For each A, by Lemma 3.3, there
are
∑min{s,d0}
s′=0 pi(j(j
′), r(r′), s(s′); d0) choices for pairs (B,C) with B ≤ F ∧ C,A ≤ C. Hence,
(3) holds. By Lemma 4.1, A is a Bose-Mesner algebra. It implies the assertion. ✷
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5 M-clique
In this section, we always assume that l = 0, X = X0d . By Theorem 4.3, we obtain a association
scheme X = (X, {Ri}0≤i≤d) in Fnq . Next, we will discuss the bound of M -clique on association
scheme (X, {Ri}0≤i≤d).
We associate the following linear programming problem, in the real variables ξk(k ∈ K =
{k ∈ [0, d]|mk > 1}) :(see [4])
min(f ′) = 1 +
∑
k∈K(1− bk)ξk,
subject to ξk ≥ 0, all k ∈ K,
and to
∑
k∈K(Pi(k)− bkvi)ξk ≤ vi, all i ∈M\{0}.
(4)
Here Pi(k) is eigenvalue of a association scheme, vi is degree of a association scheme, bk =
(v−1s Ps(k))
2, k ∈ [0, d].
Proposition 5.1 ([4]) The problem (4) admits a solution min(f ′), and any unicoloured M -
clique α satisfies cˆ0(α) ≤ min(f ′).
By Proposition 5.1, we obtain the following theorem.
Theorem 5.2 Let α ∈ R|X| be a unicolouredM -clique on association scheme X = (X, {Ri}0≤i≤d)
with M = {0, 1} and colour s = 1. then
cˆ0(α) =< α,α >
−1< α, 1 >2≤
qd+1+n − 3q2d+1 + 5qd+1 − 2qd + 2qn+d − 3qn+1
qn+d − q2d+1 + 2qd+1 − qd − qn+1
.
Proof. By the ([11]), the eigenvalues of an association scheme of X = (X, {Ri}0≤i≤d) are given
by the formula
Pi(r) =
i∑
j=0
(−1)i−j
[
d− j
i− j
]
q
[
d− r
j
]
q
[
n− d+ j − r
j
]
q
qrj+(
i−j
2 ).
Pick ξk = ξδk,1. It is known that the degree of the X = (X, {Ri}0≤i≤d) are given by the formula
vi = q
i2
[
n− d
i
]
q
[
d
i
]
q
.
By the above formulas, we obtain
v1 =
q(qn−d − 1)(qd − 1)
(q − 1)2
,
P1(1) = −
qd − 1
q − 1
+
q(qd−1 − 1)(qn−d − 1)
(q − 1)2
,
For s = 1, i = 1, we have (P1(1)− b1v1)ξ ≤ v1, (P1(1)− (v
−1
1 P1(1))
2v1)ξ ≤ v1. It implies that
(v1P1(1)− P1(1)2)ξ ≤ v21 . Since
v1 − P1(1) =
qn − 1
q − 1
> 0.
We have
ξ ≤
v21
p1(1)(v1 − p1(1)
.
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and
1− b1 = 1−
p1(1)
2
v21
=
v21 − p1(1)
2
v21
> 0.
It follows that
min(f ′) = 1 + (1− b1)ξ
≤ 1 + v1+p1(1)
p1(1)
= q
d+1+n−3q2d+1+5qd+1−2qd+2qn+d−3qn+1
qn+d−q2d+1+2qd+1−qd−qn+1
.
By Proposition 5.1, we have
cˆ0(α) ≤
qd+1+n − 3q2d+1 + 5qd+1 − 2qd + 2qn+d − 3qn+1
qn+d − q2d+1 + 2qd+1 − qd − qn+1
.
✷
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